Abstract. Let X be a compact connected Riemann surface of genus at least two, and let G be a connected semisimple affine algebraic group defined over C. For any δ ∈ π 1 (G), we prove that the moduli space of semistable principal G-bundles over X of topological type δ is simply connected. In contrast, the fundamental group of the moduli stack of principal G-bundles over X of topological type δ is shown to be isomorphic to H 1 (X, π 1 (G)).
Introduction
Let X be an irreducible smooth complex projective curve, or, equivalently, a compact connected Riemann surface. Let G be a connected reductive affine algebraic group defined over C. The topological types of holomorphic principal G-bundles over X are parametrized by π 1 (G). For any δ ∈ π 1 (G), let M δ G denote the moduli space of semistable principal G-bundles over X of topological type δ. These moduli spaces are being extensively studied for the last twenty years. Our aim here is to compute the fundamental group of M δ G . When genus(X) = 0, then M δ G is a point; this follows from the facts that any holomorphic principal G-bundle on CP 1 admits a reduction of structure group to a maximal torus of G [12, p. 122, Théorème 1.1], and the holomorphic line bundles on CP 1 are classified by their degree. When genus(X) = 1, there are explicit descriptions of M δ G [11, 10, 17] . So we assume that g := genus(X) > 1.
There is a short exact sequence of groups
where d is the dimension of the center of G. Let 
induced by the above projection q is an isomorphism. Theorem 1.1 was proved earlier in [6] under the assumption that δ = 1. The method of [6] does not extend to nontrivial δ.
As a consequence of Theorem 1.1, if G is semisimple, then M δ G is simply connected. On the other hand, the fundamental group of the moduli stack of principal G-bundles over X of topological type δ is isomorphic to H 1 (X, π 1 (G)) (see Theorem 2.4). To give a rough reason why π 1 (M δ G ) vanishes, first consider the action of the group H 1 (X, π 1 (G)) on any twisted moduli space of semistable principal G-bundles on X, where G is the universal cover of G. This action has the property that the subgroup of H 1 (X, π 1 (G)) generated by all the isotropy subgroups is H 1 (X, π 1 (G)) itself. This makes the quotient of a twisted moduli space by H 1 (X, π 1 (G)) a simply connected space, because the twisted moduli space is simply connected. The moduli space M δ G is one such quotient. We now give an application of Theorem 1.1. If Y is a proper variety over an algebraic closed field, then there is an isomorphism
for any n. From the long exact sequence of cohomologies associated to
Consequently, using a generalization of Hilbert Theorem 90 ( [20, p. 124, Proposition 4.9] ) it follows that
where G is connected semisimple affine algebraic group over C, the following corollary of Theorem 1.1 is obtained.
The Picard group of M G , when G is simply connected is known to be Z [15] . A result of [4] says that M δ G is torsion-free if G is semisimple and classical.
Fundamental group of the moduli stack
Let G be a connected, semi-simple affine algebraic group defined over C. Let X be a compact connected Riemann surface. The moduli stack of principal G-bundles on X will be denoted by M G .
2.1. Uniformization. We now recall the uniformization theorem that describe M G as a quotient of the affine Grassmannian [2, 9, 15] . Let LG denote the loop group G(C((t))) viewed as an ind-scheme over C. The group of positive loops G(C[[t]]) will be denote by L + G. The quotient
is the affine Grassmannian. The universal cover of G will be denoted by G. The fundamental group π 1 (G) is canonically identified with the kernel of the homomorphism G −→ G.
We now recall some well known results on the objects described above.
Proposition 2.1.
We refer the reader to [4, p. 186, Proposition 1.3] for a proof of Proposition 2.1.
Regarding the statement of Proposition 2.1 it should be mentioned that it is well known that the π 0 (LG) is in a canonical bijection with π 1 (G). By Proposition 2.1 (cf. [4, Proposition 1.3]), the set of connected components π 0 (M G ) is canonically bijective to π 1 (G).
For any δ ∈ π 1 (G), let M δ G denote the connected component of M G corresponding to δ. We now recall the uniformization theorem for each component M δ G [4] . The second statement of the following proposition is derived from [8] .
Proposition 2.2. For each δ ∈ π 1 (G), let ζ be any element in the component LG δ (C). Then there is a canonical isomorphism of stacks
Moreover the map π : Q G −→ M G is locally trivial in theétale topology. [16, 19] . We now recall a lemma, whose proof follows from the fact that the affine Grassmannian Q G is homotopic to the based loop group Ω e (K), where K is a compact form of G [15, p. 64, Corollary 5.6].
Lemma 2.3. Assume that G is simple and simply-connected. Then π 1 (Q G ) is trivial. Theorem 2.4. Assume that G be a simple but not necessarily simply connected. For any δ ∈ π 1 (G),
Proof. Consider the quotient map π in Proposition 2.2. Since this fibration is locally trivial with respect to theétale topology, we have a long exact sequence of homotopy groups
2) associated to the Serre-fibration π. Now, from Lemma 2.3 it follows that the homomorphism η in (2.2) is injective, and from Proposition 2.1 we conclude that η is surjective, and hence η is an isomorphism.
Since L X G and ζ −1 L X G ζ are conjugate (by ζ), it follows that the two sets π 0 (ζ −1 L X G ζ) and π 0 (L X G) are canonically bijective. Now the theorem follows from Proposition 2.1.
Fundamental group of the twisted moduli stack
As before, let G be a semi-simple and simply connected affine complex algebraic group. Given a subgroup A of the center of G, define
Take any δ ∈ π 1 (G). We will now recall from [4] the construction of a "twisted" moduli stack
For any positive integer n, the group of n-th roots of unity will be denoted by µ n . We identify µ n with Z/nZ using the generator exp(2π
Using it, identify A with a subgroup of T = (G m ) s . Next we identify the quotient G m /µ n with G m using the endomorphism z −→ z n of G m . Using these, the quotient T /A gets identified with T . Let
2) be the quotient by the diagonal subgroup A. The projection to the second factor
Now, since G is simply connected, there is an isomorphism The natural projection C A G −→ G/A = G induces a surjective morphism of stacks
We now recall from [4, p. 189 ] the uniformization of the twisted moduli stacks.
Proposition 3.1. Let ζ be any element of LG δ (C). Then there is a canonical isomorphism
and moreover the natural fibration
is locally trivial in theétale topology.
Now as in Section 2.2, we apply the homotopy exact sequence to the above Serrefibration π, to get the following:
Proof. Since G is simply connected, it follows from Proposition 2.1 that
Hence the above mentioned homotopy exact sequence gives that
This completes the proof.
3.1. Fundamental group of the regularly stable locus. Henceforth, we assume that genus(X) = g ≥ 2. Take an element δ of the center of a simple and simply connected group G. If g = 2, then assume that either G = SL(2, C) or δ = 1.
For any connected complex reductive group H, a stable principal H-bundle E on X is called regularly stable if the natural homomorphism from the center of H to Aut(E), given by the action of H on E, is surjective [4, 5] .
As before, M δ G denotes the twisted moduli stack associated to the triple (X, G, δ). Let Proof. This can be proved by simply following the steps of arguments that led to Corollary 3.2. The only point is the following: In the proof of Corollary 3.2 it is used that the affine Grassmannian Q G is simply connected; to be able to prove the lemma following the same line of arguments, we need that the regularly stable locus inside Q G is also simply connected.
Let 
is at least two [4, p. 212, (13.1)], [5] . Consequently, the codimension of the complement
is at least two. This implies that that the homomorphism of fundamental groups induced by the inclusion Q
is an isomorphism. Hence Q rs G is also simply connected.
As noted before, since Q rs G is simply connected, the lemma is proved by following the steps of arguments that led to Corollary 3.2.
The twisted moduli space M δ G associated to the triple (X, G, δ) is defined just as the twisted moduli stack is defined. More precisely, M δ G is the moduli space of semistable principal C A G-bundles E on X (see (3.2) ) such that the principal T -bundle obtained by extending the structure group of E using the homomorphism det in (3.3) is the principal
be the twisted moduli space of regularly stable principal G-bundles associated to the triple (X, G, δ). We note that if Z is a normal projective variety, and U Z ⊂ Z is its smooth locus, then the homomorphism π 1 (U Z ) −→ π 1 (Z) induced by the inclusion map is surjective. To prove this, take any desingularization
By Zariski's main theorem (cf. [13, p. 280, Ch. III, Corollary 11.4]) the fibers of σ are all connected. Therefore, the homomorphism
induced by σ is surjective. Furthermore, the homomorphism π 1 (σ −1 (U Z )) −→ π 1 ( Z) induced by the inclusion map is surjective, because Z is smooth. But
is an isomorphism. Hence combining the above observations we conclude that the homo- Proof. Let γ : G −→ G be the universal covering. The subgroup kernel(γ) ⊂ G will be denoted by A. This subgroup A is contained in the center of G, and
be the isomorphism classes of principal A-bundles on X. We note that Γ is a finite abelian group. The group structure on A produces a group structure on Γ because A is abelian.
Let M δ G be the twisted moduli space of semistable principal bundles associated to (X, G, δ), where δ is the element in (4.2). We will construct an action of Γ on M
where C A G is the quotient group in (3.2). Given a principal C A G-bundle E and a principal A-bundle F on X, we have a principal C A G-bundle τ * (E ⊗ F ) which is the extension of structure group, of the principal C A G×A-bundle E× X F , using the above homomorphism τ . Clearly, τ * (E ⊗ F ) is semistable if and only if E is semistable. Consequently, we get an action on M δ G of the group Γ in (4.4)
for the above action τ .
The fundamental group of the quotient of a path connected, simply connected, locally compact metric space by a faithful action of a finite group B is the quotient of B by the normal subgroup of it generated by all the isotropy subgroups [1, p. 299, Theorem]. We will apply this result to the action in (4.5). Note that the moduli space M δ G is simply connected by Proposition 4.1.
Since A is abelian, the group Γ in (4.4) is generated by the homomorphisms π 1 (X) −→ A such that the image is a cyclic subgroup of A of prime order. Take any
such that θ(π 1 (X)) is a cyclic subgroup of A of prime order; the order of θ will be denoted by m 0 . In view of the above mentioned result of [1] , to prove that M δ G is simply connected it suffices to show that the action of θ on M δ G has a fixed point. We give two proofs of this fact. 
Indeed, for any element
2g (recall that m 0 is the order of the image of θ), there is an element A ∈ Sp(2g, Z) such that
The image of the natural homomorphism from the mapping class group for X to the automorphism group Aut (H 1 (X, Z) ) is the symplectic group associated to the symplectic form on H 1 (X, Z) defined by the cap product. Combining these it follows that given any standard presentation of π 1 (X), there is an element of the mapping class group that takes it to a presentation of π 1 (X) satisfying the above conditions. Clearly, the above presentation of π 1 (X) depends on θ.
Fix a maximal compact subgroup K ⊂ G Let F 2g denote the free group generated by {a 1 , · · · , a g , b 1 , · · · , b g }, so π 1 (X) is a quotient of F 2g . Let R denote the space of all homomorphisms
′ , where δ ′ ∈ A is the element corresponding to δ ∈ π 1 (G) (see (4.3) , (4.2)). The group K acts on R through the conjugation action of K on itself. A theorem of Ramanathan [22] shows that
The action τ (see (4.5)) of θ (see (4.6)) on M δ G sends any homomorphism β as above to the homomorphism defined as follows:
Define the subset of K
The number of connected components of S coincides with that of the quotient space S := S/ K because K is connected. The set of connected components of S is described in [7, p. 6 , Theorem 1.5.1(3)]; if we set Take any triple (x 1 , x 2 , x 3 ) ∈ S. Let
be the homomorphism defined by
Note that β 0 ∈ R. Let β If Y is singular, let C be the cyclic group generated by the finite order automorphism. Let Y be a C-equivariant resolution of singularities [3, 24] of Y . By the previous step, we get a fixed point of Y under the action of any element c ∈ C. Since the resolution is C-equivariant, we get a fixed point of Y under the action of c. This completes the proof.
4.3.
The case of reductive groups. First assume that G is any connected semisimple affine algebraic group defined over C. Take any δ ∈ π 1 (G). Let M δ G denote the moduli space of semistable principal G-bundles on X of topological type δ. 
be the moduli space of semistable principal G i -bundles on X of topological type δ i .
The isomorphism classes of principal Z-bundles on X will be denoted by Γ. The homomorphism G × Z −→ G, (x, z) −→ xz, produces an action of the abelian group Γ on M δ G . We have
is simply connected by Theorem 4.2. Therefore, from (4.7) we conclude that that M δ G is simply connected. Take any δ ∈ π 1 (G). The image of δ in π 1 (Q) under the above projection q will be denoted by α. Let M δ G denote the moduli space of semistable principal G-bundles on X of topological type δ. The moduli space of principal Q-bundles on X of topological type α will be denoted by J α Q (X). We note that J α Q (X) is isomorphic to (Pic 0 (X)) d , where d is the dimension of Q. Therefore, we have
The projection q in (4.8) induces a morphism Hence M is simply connected. Now from the long exact sequence of homotopy groups associated to the fiber bundle in (4.9) we conclude that the homomorphism q * is an isomorphism.
